The World’s Longest Proof of Tychonoff’s
Theorem

Jonathan L.F. King
University of Florida, Gainesville FL 82611-2082, USA
squash@ufl.edu
Webpage http://squash.1gainesville.com/

1 February, 2022 (at 19:36)

ABSTRACT: This is a long but simple proof of Tychonoff’s
theorem. It is meant to mimic a Cantor diagonalization argu-
ment: Given an open cover O (of the product space X) which
has no finite subcover, the argument inductively picks a point
in each coordinate space so that the resulting tuple is a point
in the product space which is not, in fact, covered by O after
all.

1: Example. Sequential compactness is not preserved
under arbitrary Cartesian product. O
Proof. Let S be the set {—1,0,1}. Set YV =

{=1,0,1} equipped with the discrete topology and
let X = Y® have product topology. Consider the
sequence (z,),-, C X defined by

s(n).

No subsequence of (z,)]" is convergent. For sup-
pose f: N — N is a strictly increasing function and
consider the subsequence (z f(k))zozo. Let s denote the
element of S defined by

{0 if n ¢ Range(f);}
1% if n = f(k).

xTn(s) =

s(n) =

Now (2 f(k)(5))72, is not a convergent sequence in Y,
as

wi(s) L s(f(k) = F1F

shows with a vengeance. ¢

We establish some preliminary lemmas.

2: Lemma. If X and Y are compact spaces then
X XY is compact. O

Proof. Let O be an open cover of X x Y. By replac-
ing each U € O by the collection of open rectangles
AxB C U we may without loss of generality assume
that every member of O is a rectangle.

Fix z € X. Since Y is compact, sois {z} x Y. Thus
there is a finite subcollection F C O such that

{2} xY C (J{AxB|AxBeF&A>ua}.
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Define I(x) to be the open set ({A | A x B € F}.
Evidently

{z} xY C I(x) xY
c | J{AxB|AxBe7}.

By compactness of X there exists a finite subset Fin C
X such that UI(JJ) equals X. Writing the above &

z€Fin
as ¥, we have that

{AxB|zeFin& Ax BeF,}

is a finite subcover of O. ¢

Definition. Say that an open set A C X xY is X-
open if it is of the form X’ x Y, where X’ is an open
subset of X. For A € X xY, let PA denote the
unique maximum X-open subset of A, that is, the
union of all X-open subsets of A. O

Henceforth letters «, 8, A and v denote ordinals
which are less than A, another ordinal.

3: Lemma. Suppose Y is compact and A is some

ordinal.

ir If {z}xY C U, where U is an open subset of
X XY, then {z}xY C PU.

ii: Suppose {UP | 3 € A} is an increasing chain of
open subsets of X xY. Then

Y e’ = p(|JU7). 0

BeA BeA

” to indicated
an increasing union, i.e, a < f implies U* C UP.

Note that (3ii) need not hold if the UP-sets fail to
be open. For example, let Y be a singleton, X be the
reals and (g,)]° be an enumeration of the rationals.
Now

Remark. Above, we used the symbol

U =R~ A @ttt @y - - - }

as no interior, P(U") = @. And U C U2 C .... Yet
P(U,U") =P(R) =R. O

Page 1 of 3



Page 2 of 3

Proof of (i). For each y € Y there exists A(y) an open
subset of X, and B(y) an open subset of Y, for which
the ordered-pair

(z,y) € A(y)xB(y) C U.

By compactness of Y, there is a finite subset F' C Y
such that Y = U,cp B(y). Now I := ,cp A(y) is an
open set owning x. Therefore

IxY ¢ (JA(y)xB(y) c U,
yeF

and so {z}xY C IxY C PU. ¢

Proof of (ii).
unconstrained indexing ordinal, in this case “5”, ranges over
all € A.)  Since PUP C UP, the union Uz PU” is
an X-open subset of (Jg UP. Thus we have the “C”
direction of (ii).

Conversely, suppose € X is such that {z}xY C
P(UgUP). Then {z}xY C UgU” and so YV =
Ugs BP, where B? denotes the subset of Y such that
{z}xB? = [{z}xY]NUP. This cross-section B is an
open subset of Y by definition of the product topol-
ogy. By compactness of Y, there exists a finite set
F C A such that Y = Ugep BP. But {U° | B < A}
is an increasing collection and therefore {BB} 8 is a
collection which increases. Hence

(In the sequel, the convention is that any

U B = B*, where p := Max(F) "N
BeEF

Thus {x}xY C U* and so, (i) tells us, {z}xY C
P(U*). Consequently Ug P(U?) o {x}xY. This gives
the “D” direction in (ii). ¢

The induction proof

For each ordinal a let Y¢ be some compact space and
let A be the minimal ordinal such that, for the sake of
contradiction, the product space X := @, Y fails
to be compact. By lemma 2 we know that A must
be a limit ordinal. For each ordinal A < - define the
product space

,\XV::®{YO‘|)\§0¢<7}.

Simplifying the open cover
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Let X, abbreviate (X, and let ,X stand for ,X. A
set A C X is a-open if it is of the form B x X for
some open B C X,. Let P*(A) denote the unique
maximum «-open subset of A. If A < ~ then any
A-open set is a fortiori ~y-open.

4: Proposition.
oy A,y

For open sets A, B C X and ordinals

aa ACB — P*A CP“B.
b: A<y = PMA)C P (A).

c:)\gfy:>]P”\o]P’7:]P”\. O

Proof of (¢).  Applying P* to both sides of the in-
clusion PY(A) C A yields P*(PY(A)) c P*A), by
part (a). Conversely, applying P* to both sides of the
conclusion of (b) yields

PAPY(4)) D PMP*4) = PN(A)

by (a). Thus P}(PYA) = PA(A). ¢

Setting up a contradiction

We now proceed to contradict the assumption that
A was the smallest ordinal such that X, is non-
compact. Henceforth let «, 5, be ordinals ranging
over all of [0..A).

Simplifying the open cover

Presume that O is an open cover of X. Without loss
of generality we can replace each U € O by all of the
finite dimensional open boxes which are subsets of U.
So now, for each set E € O, there exists o < A such
that E is a-open. Thus |J, V* = U(O), where V¢ is
the a-open set

Ve = U{E € 0| E is a-open}.

It suffices to show, for some «, that V¢ = X for then
{Eeo ] E is a-open} is effectively an open cover of
the compact space X,. WLOG, then, O = {V* |
a € A}. The improvement is that, now, O is an in-
creasing chain of sets.
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A second simplification

Define U := Jgep P*(V?). By the foregoing propo-
sition, {U%}4en is an increasing chain. Since

Uu® > P(V*) > Ve,

we have that J, U* = J(O). Now suppose we could
exhibit an o < A such that U* = X. Then the col-

lection
C:={P*(VP) | B eA}

is an open cover of X. But the “X, component” of
the members of € form an open cover of the compact
space X,; thus it has finite subcover. The correspond-
ing sets in € consequently form a finite cover of X.
Thus the corresponding finite collection of sets V7 is
then a subcover of O.

Since we need but show that some U® equals X, we
can now WLOG assume that our cover is

which is an increasing

0={U" \ a € A},
chain of a-open sets.

The improvement of the {U®},, over the {V*}, is that
5b: VA<y: UM=PMNU").

This follows immediately from the computation

U L YP(VP) = YR B (VF)) by (40)

B B
A 8 from
=P (L?]IW(V )> Lemma (3ii)
LPNU).

Also note that

Yuv* =ve.
A€

5c:  For each limit ordinal «:

For let U represent U“, but viewed as an open subset
of X,. So in light of (5b) we need but show that
Uxea PAU D U; the “C” direction being trivial. Fix
an x € U. By definition of the product topology,
T € Qxrea YA € U where Y is an open subset of Y
with YA = Y for all X outside of some finite index
set F' C . Thus p := Max(F) is less than a. Hence
x € P¥(U), completing the argument.

Obtaining a contradiction
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Obtaining a contradiction

Regard the symbol z,, below, as a point in X,. We
shall inductively construct such points, by extension,
via the following.

There is an ordered set xo, = (y* | A €
«), with each y* a point in the compact
space Y, such that

{za} x X C XNU?

and satisfying the consistency condition:
A< a = x) C Zq.

Establishing this will complete the proof of Ty-
chonoft’s theorem by showing that O did not cover X
after all: For define a point x := [J,cp Ta; by the
consistency condition this is a point in X. Thus

r € {1} x X C XNU?,
for each a € A. Hence z € X \ J, U* = X~ U(0).

Proof of M («). Argue by induction on «. If o is a
limit ordinal then define z, to be [J,c, x. Then, by
M («), the point z4 € {2} X »X and so

{zoa} x X C {zIxX < XU,

Hence {74} X «X C X\ Uyeq U?, which equals X \
U“ by (5¢).

Conversely, suppose « is a successor ordinal o =
B+1. Were {x3} x 53X a subset of U+ then, by (3i),

{zg} x X < PP(UPHY) = UP.

This contradicts M(S). Consequently, there exists
a point y € Y? such that (zg,y) x g+1X is not a
subset, of Uﬂ'H; hence (since UP*! is [8 + 1]-open) it is
disjoint from UP*T!. So defining xg41 to be (xg,y)
establishes M (8+1). Whew! ¢
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